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YACTD 1. JUHEUHASA AJI'EBPA

1.1. Marpuubl ¥ onipeaeJTuTeu
1.1.1. OcHOoBHbIE IOHATHS

Matpuueii pazmepa MxN Ha3pIBacTCA MPSAMOYTOJbHAS TAOIWIA YHCEI, COMepKa-
mass MCTPOK U N CTOJIOLIOB

8, Qp o A
a a e a

N

aml am2 amn

Kaxplii 371eMeHT MaTpHIbl & MMEeT JBa MHJICKca: | — HoMep CTpoku U K — Ho-
mep crtonbua. Hanpumep, B Matpuie

5 -7 4 3
A= 2 0 81
-3 -4 9 6

pasmMcpa 3)(4, all :5, a23 :8, a34 =6.
Yacto HCIIOJIB3YCTCA KpaTKasa 3alluCb MAaTPHUIIbI: A= (aik)mln . ManI/II_[a Ha3bIBACTCA

KBAIPATHOI N -TO MOPsAKA, €CJIM OHA COCTOUT M3 N CTPOK U N cToa0110B. Marpuiia pas-
Mepa 1xN Has3piBaeTcs MATpHUIEH-CTOJAOIOM, a Marpuia pasmepa Mx1l marpuimei-
CTOJIOLOM.

Hyanaesoii matpuriieit 0 3a7aHHOTO pa3Mepa Ha3bIBA€TCsl MATPUIIA, BCE DJIIEMEHTHI KO-
TOpOii paBHBI 0.

EAuMHUYHOM HA3bIBACTCS KBaJpaTHAs MaTpUIla, JIEMEHTHI TJIaBHOM TMArOHAJIA KO-
TOPOMU paBHBI 1, a Bce OCTaJIbHBIE AIEMEHTHI paBHBI 0:

E:

MO0>kHO TOBOPUTH O IMHUYHBIX MaTPHUIAX JOOOTO TOPSIKA.

TpaHCHOHMPOBAHHOI /U1 MaTpULB! A HasbiBaetcs Marpuua A’ , CTPOKH KOTOPOii
SIBJITFOTCST CTOJIOIAaMU MaTpHIel A, a cTosIOIel — ctpokamu A. Hampumep, ecnu

5 -9 4 > 3
A=(3 , J,To Al=|-9 2
4 -1

Marpuupl A= (3 )y B B=(Dy)nn HaspiBaloOTCA paBHBIMM, €ciu aj = by,
i=1....m, k=1,...,n.
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1.1.2. JIuHeliHbIe ONlePANMH HAJ MATPULAMM

CymMmoii  Mmatpun A=@jy)mn 1 B=(y)yn, HaseBaeTca MaTpuula
A+B=(ai +bi)mn-

JIpyruMu CIIOBaMH, JJIsL CJIOKSHHUSI MaTPUIL HAJIO CIOXUTh JIEMEHTBI MAaTPHI], CTO-
SIIME HA OJHUX U TeX ke MecTaX. CKIIaIBIBAIOTCSI MATPHILBI TOJIBKO OJUHAKOBOTO Pa3Me-
pa.

Ipoussenennem matpuibl A= (dj )y, Ha YUCIO A Ha3bIBaeTCAd MaTpHIa
AA = (28 )i, -

I[pyrI/IMI/I CJIOBaMHU, U1 YMHOXCHUSA MATpHUIblI Ha YHUCJIO HAIO K&)K,Z[I)Iﬁ QJICMCHT
MaTpHUObl YMHOXHUTDb Ha 3TO YHUCJIIO. .HI-06YIO MaTpuny MOXHO YMHOXHTH Ha JT1000€ YHUCIIO.
I[J'ISI JIFOOBIX MaTpull OAMHAKOBOTI'O pa3McEpa U JIFOOBIX yucen A u /A BBIIIOJIHAIOTCA

CBOMCTBA:

1) A+B=B+A; 4) A(uA) = (L)A,
2) A+0=A; 5) A(A+B)=4A+ 1B;
3) A+ B+C)=(A+B)+C,; 6) (1 +u)A=1A+ LA.
2 1 -1 4
Ilpumep 1. [laHbel MaTpUIBI Az(g OJ 151 B:( c 2]. Hantn wmarpuny
C=2A-3B+A".
Pemenue.

. 4 2 -3 13 2 3 9 -7
C=2A-3B+A' = — + = i
6 0 15 6 1 0 -8 -6

1.1.3. YMHoOxeHHe MAaTPHUIL

Martpuiibl yMHOXKAIOTCS TI0 MTPABHIIY «CTPOKa Ha cTojioeiy. Pacimdpyem, uro nme-
eTCs B BUJY.
Ipoussenennem marpuust A= (j )y , Ha marpuny B =(by ), , HasbiBaeTcs mar-

p
puna C pasmepa MxN ¢ 3JeMEeHTaMu Cjy = Zaij -bjk ,1=12,....m, k=12,...,n.
j=1

Jpyrumu cioBaMu, JUIsl TIOTyYSHUS 3JIEMEHTA, CTOSILETO B | -TOH CTPOKE MaTPHIIBI-
npou3Be/ieHHs Ha K -ToM MecTe, clielyeT BBIYUCIUTh CYMMY ITPOM3BEICHUM JIEMEHTOB | -
TOH cTpoku MaTpuibl A= (Qjy )y, p Ha K -ThIi cronGen matpumst B = (by ) p -

B camoM ompeneneHuu TPOW3BEACHHUS MATPHUIl 3aJI0KEHO, YTO YHCJIO CTOJOIOB
MEPBOM MATPUIIbI IOHXKHO COBMAAATh C YUCIOM CTPOK BTOPOH. ITO yCJI0BHE COIJIACOBA-
HMS MaTpUIl IPU YMHOXEHUU. Eciii 0HO HapyIIEHO, TO MaTPUIIbI IEPEMHOKHUTH HEIb3S.

- 5 Hai A 2 4 5 5 -1 2
umep 2. Haiitu npoussenenue Mmatpun A= uB= :
pumep p A TpULl 1 3 5 0 6

2-5+4-2 2-(-1)+4-0 2-2+4-6J_(18 -2 28j-

Pemenne. A-B=
1-5+3-2 1-(-)+3-0 1-2+3-6 11 -1 20



3amMeTuM, YTO BIOJIHE BO3MOXHA cuTyanus, kornqa A- B cymecTtByer, a B- A Her.
HNMeHHOo Tak mpoucxoauT B mpumepe 2. Kpome Toro, Korja cymecTByOT o0a mpou3Bee-
HUS, TO Yallle BCETO OHU HE PaBHBI, T.€., BooOmie roBopsi, A-B=B- A. [IpuBenem eme
psia CBOMCTB onepauuu yMHOxeHus: matpull. Ecmu A/B u C - kBagpaTHbIe MaTpHILbI OJ1-

HOTO IIOpAJAKa, TO CIIPAaBCAJINBLI PABCHCTBA:
1) A-(B-C)=(A-B)-C; 3) (A+B)-C=A-C+B-C;:
2) A-(B+C)=A-B+A-C; 4) A-E=E-A=A.

1.1.4.0npeneaurenu

[ToHsATHE ONpENENUTENs BBOAUTCS TOJIBKO JJIS KBAaJApATHBIX MaTpuIl. PaccMoTpum
aq alzj

dp1 Adpp

OnpenenureneM 2 nopsaka MaTpuIsl A Ha3bIBAETCS YUCIIO:

KBaJpaTHYIO MaTpuly 2 nopsaka: A = (

a;; a
AAY =] Pl=aga,, —anay.

dy; ap

-11 4
IIpumep 3. Beraucaute onpeneanTenb MaTpulbl A :( 5 12).

Pemenne. A(A)=-11-12—-4-5=-152.1

d; 9 93
[Tycts A=|a,; ay, a,3 | —Marpuua 3™ nopsaka.
dz; dzp Agz
MuHopoM 31eMeHTa @; HasblBaeTcs onpenenutens M , cocTaBieHHBIN U3 3e-

MEHTOB, OCTaBIINXCS MOCTIE BHIYEPKUBAHUS U3 MATPHUIBI | -TOM CTpoku U K -Toro cTosod-
1a.
AJre0panyecKuM JOMOJHEHHEM JJIEMEHTA @j Ha3bIBACTCS YUCIIO

i+k
A =1 My, .
Onpenenutenem 3™ nopsaka (Matpuiibl A) HazpIBaeTCs CyMMa IPOU3BEIEHUIT die-

MEHTOB NIEPBOM CTPOKM MATPUIIbI HA UX AJIreOpanyecKue JOMOTHEHUS.

d;p A Q3
A(A)=|ay ay axg|=a; Ay +a A, +a3A.

dg; dgp QAsg



3 -2 4
IMpumep 3. Berancauts onpenenutens matpuiibl A=|5 1 0
2 -1 7

Pemenue. HaXOI[I/IM MHUHOPBI U anre6pqueCKHe JOITIOJIHCHUA 3JICMCHTOB 1-oi CTPOKH
MaTpHIbI:

10
My, = 1 7 =1, A11=(—1)1+1M11:+M11:7;
5 0
M, = > 7 =35, A, = (D" My, =My, =-35;
5 1
Mz = s _1 =, A= (D" Mg =+Myy =7,

Brrancnsiem uCXoaHbIN ONPEAECTUTEID
A(A)=3-7T+(-2)-(-35)+4-(-7)=63

B nanpHeiiieM mpu BBIYUCIECHUN OMPEIENIUTENeH Mbl OyJIeM MOJIb30BaThcs OoJiee
KOPOTKOM 3aIUCHIO:

3 -2 4
1 0 5 0 5 1

AA)=|5 1 0]=3 —(-2)- +4. ~63.m
> 1 o ~1 7 2 7 2 -

,Z[anee HHAYKTHUBHO BBOIUTCA IIOHATHC OHpCHCHHTCHCﬁ 0oJice BRICOKHX IMOPAIKOB.

OmnpenennreneM N-ro NOpPsiAKa Ha3bIBAETCA CyMMa MPOU3BEICHUN AJIEMEHTOB 1-0M
CTPOKH Ha MX anre0pandeckue JOMOJTHEHHUS.

CaoiicTBa onpeaeanTesei

1. Onpenenurenb HE MEHSETCS MPU TPAHCTIOHUPOBAHUH.

2. Ecnum Bce ameMeHThl KaKOW-TH00 CTPOKH (MU CTOJIOIA) paBHBI HYJIIO, TO OTpe-
nenurtenb paBeH 0.

3. Ecnu aBe cTpoku (Ba cTO0IA) MIOMEHATh MECTaMH, TO ONPEACITUTEIh MEHSICT
3HaK.

4. Ecnu >1eMeHThl Kakou-1u00 CTpoku (CTobIa) comepxaTr OOl MHOXHUTEIb,
TO €ro MOYKHO BBIHECTH 3a 3HAK OMPEACIUTEIS.

5. Ecnu B ompenenurene aABe CTPOKH (J1Ba CTONOIA) OJUHAKOBHI MJIM TIPOIIOPIIHO-
HaJBHBI, TO ONpeaenuTes paseH 0.

6. CropaBemyiuBO paBEHCTBO

ap +byy A, +byp apz+bgl (A a, az| by b by

ay 2PY) dpz |=|(@p Qdp adp|t(@y dy dyl.

d31 37 A33 d31 8z dg3| |A31 A3y g3
7. Onpenenutenb HE W3MEHUTCS, €CIM K JJIEMEHTaM KaKoW-TMOO €ro CTpOKU
(cTonbia) mpubaBUTh AIEMEHTHI JPYrol CTPOKU (CT0JIOlA), YMHOXKEHHBIE Ha
OJTHO ¥ TO YK€ YHUCIIO.
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8. CyMmMa npowu3Be[ieHHil 3JIEMEHTOB JIIO0OOH CTpOKU (CcTOsOIa) HA CBOM anre0pau-
YEeCKHUE JIONOJHEHHS paBHA CAMOMY OIPEAETUTEITIO.

9. Cymma mpowm3Be[IeHUN JIEMEHTOB JK00M CTPOKH (CTOJIOIA) OmpenenTeNs Ha
anredpandecKue TOMOJIHCHUS IPYToil cTpoku (cToso1a) paBaa 0.

Teopema 1. Eciu A u B — keadpammuvie mampuywl N -20 nopsoka, mo
A(A-B)=A(A)-A(B).
Cunencteue. A(A-B)=A(B- A).

Ipumep 5. (Obpaszey pewenus 3a0auu 2 u3 KOHMPOIbHOU pabomvl). /laHbl mampu-

2 10 -1 4 2
yA=|-1 2 3| u B=| 0 3 -2|. Ilposepumv cnpageorugocmv paseHcmea
4 0 2 5 1 1
A(A-B)=A(B-A) =A(A)-A(B).
Pewenue.
2 10
2 3 -1 3 -1 2
A(A)=|-1 2 3|=2- -1- +0- =8+14+0=22
0 2 4 2 4 0
4 0 2
-1 4 2
3 -2 0 -2 0 3
AB)=|0 3 -2|=-1 —4. +2- =-5-40-30=-75
1 1 5 1 1
5 1 1
2 1 0\ (-1 4 2 -2 11 2
A-B=|-1 2 3|10 3 -2|=|16 5 -3
4 0 2 5 1 1 6 18 10
-2 11 2
5 -3 16 —3 16 5
A(A-B)={16 5 -3|=-2. -11. +2- =-208-1985+516=
18 10 6 10 6 18
6 18 10
=-1650
-1 4 2 2 10 2 7 16
B-A=| 0 3 -2||-1 2 3|=|-11 6 5
5 1 1 4 0 2 13 7 5
2 7 16
6 5 -11 5 -11 6
AB-A)=-11 6 5|=2- —7- +2- =-10+840-2480=
5 13 5 13 7
13 7 5
=-1650

Takum obpazom,
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A(A-B)=A(B- A) =A(A) - A(B)=-1650. m

1.1.5. O0paTHbIe MATPHULIBI

Marpuna A~ HaspiBacrcs oOpaTHOH K KBaJIpaTHOM Matpuie A, eciiu
A-AT=AT A=E.

Marpuiia A HasbiBaeTcs BbIpokaeHHoM, eciii A(A) =0; B IPOTHBHOM Cllydac

A - HEBBIPOKICHHAA MaTpHUIIA.

Il moeo, umobwt mampuya A umena obpammuyro, HeoOX00UMO U OOCMAMOYHO,
ymobvl OHa bviia Hedbipodicoennol, m.e. A(A) #0.

B Takom cnyuae,

An A o Ag

At 1 1 A2 An o A
A(A) | o
A Aon o An

T.e. 0OpaTHas MaTpHIa ecTh paszaeneHHas Ha A(A) TpaHCIIOHMpOBaHHAs MaTpuUIla anred-

PaUICCKUX ,Z[OHOJIHGHI/Iﬁ QJICMCHTOB MATpPHIIbI A.

5 1 -1
Mpumep 6. Jana mampuya A=| 2 -1 3 |. Haiimu A
-2 4 7
Pemenue.
-1 3 — 1 -
All—Jr4 7‘——19 A21——‘ 71‘:—11 A31:+_1 31‘:2
Ay —‘2 3‘:—20 A22_+5 ”1:33 A32:—5 7
-2 7 -2 7 2 3
2 - 5 1 5 1
A3 +_2 j:G A23——_2 4‘:—22 A33:+2 _1:—7
A(A)=5-(-19)+1-(-20) + (-1)-6=-121
-19 -11 2
U TOTZa, A_lzi- -20 33 -17|.
-121
6 -22 -7

[IpoBepka
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5 1 -1)(-19 -11 2
ato— Ll o 1 3||-20 33 -17]-
121
-2 4 7 6 -22 -7
-121 0 0 100
0 -121 0 |=|0 1 O|=E.
0 0 -121) |0 0 1

AHQJIOTUYHO yOexaaeMcsl, YTO A™l. A=E.3uauur, MaTpHuIa A naiinena BepHO. M
CrnpaBeyBa cienyromas Teopema

121

Teopema 2. Eciu A u B nesvipooicoennvie keadpammubvle Mampuybl 00UHAKOBO20 NOPSO-
Ka, mo

(A-B)t=B1. A

1.2. Cuctembl JTUHEHBIX ajiredpanyeckux ypaBHeHMii

PaCCMOTpI/IM CUCTCMY U3 3-x aJIFe6paI/I‘{eCKHX ypaBHGHI/Iﬁ C 3-MsI HEU3BECTHBIMU:
A X +apy +az=0h
Ay X +ayY +a8yZ=Dh, (1.1)
Az X+ a8z Y + 8332 =0y

1.2.1. Merox Kpamepa

Teopema 3. Ecriu onpedenumens mamuyst cucmemvl (1.1)
81 82 A3
A=lay 8y a3
d31 @8z Az
omauuen om uyasa (A#0), mo cucmema umeem eouncmeeHHoe peuierue, onpeoeniemoe
Gopmynamu Kpamepa:

1.2.2. MaTpu4HbIil MeTOJ

O603Haunm yepe3 A martpuity cuctemsl (1.1), T.e. MaTpuily, COCTaBICHHYIO U3 KO-
7 PUITIEHTOB MPU HEU3BECTHBIX

d;p A a3
A=lay ay ay|,

dg; dgp dgg
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X by
yepes X =|Y | — Marpuiy-cTonOen M3 HEW3BECTHBIX W 4epe3 B =|b, |- marpuimy-
z b3

CTOJIOEI] IPABBIX YACTEH.
[IpuHuMas BO BHUMaHUE MPABUIIO YMHOXKEHUSI MaTPUIl, MOKHO CUCTEMY JIMHEUHBIX
ypaBHeHu# (1.1) 3anucaTh B BUJE MAaTPUYHOTO YPABHECHHUS:

A-X =B,
peHIeHI/IC KOTOpOFO HUMCECT BU]L
X=A"1.B.

IIpumep 7. (OGpa3ell BbINOJHEHUA 3a/1a4d | U3 KOHTPOJIbHON paboThl) Pemmth cucremy
ypaBHEHUH ABYMs CllocoOamu:

3X+y—-2z=1
2X—-2y+z2=11 .
5x+3y—-3z=-2
Pemenue. Mcnone3zyem meton Kpamepa:
3 1 -2 1 1 -2
A=2 -2 1|=-12, A, =11 -2 1|=-24
5 3 -3 -2 3 -3
3 1 -2 3 1 1
Ay=12 11 1]=36, A,=2 -2 11|=-12
5 -2 -3 5 3 -2

Torna
Ay _—24_, Ay 36 3 ;B _—12

A —12 A —12 A —12

[IpoBepuM IPaBUIBHOCTH MOJYUYEHHBIX PELICHUH, JJIs YErO MOACTABUM HUX B YCIIOBHE:

3-2-3-2-1=1 6-3-2=1 eepno
2-2-2-(-3)+1=11 =4 4+6+1=11 sepno
5.2+3-(-3)-3:1=-2 10 -9 —-3=-2sepro.

Teneps pemum Ty k€ CUCTEMY MaTpUYHBIM MeTo/IoM. HalieM oOpaTHyto MaTpuiry

3 1 -2
A" k marpuue cucremsr A=[2 —2 1 |. BelumciuM Bee anreGpandyecKue JOIOJIHE-
5 3 -3

HUA:



-2 1 1 -2 1 -2
A=t —3‘_3; AZl__‘s —3‘_ 3 A= 1‘:_3;
2 1 -2 3 -2
A12__5 3 ‘—11; Ay =+ _3‘:1; Aez——z 1 =—T;
2 - 1 3 1
Alg,:+5 ‘_16; A23_—‘ 3‘_—4; A33=+2 _2=—8.
3 -3 -3
CraenoBaTeibHO, A_lzi- 11 1 -—-7|.Torna
1206 4 s
3 -3 -3 1 - 24 2
X:A‘l-B:%- 11 1 —7]|11|=—2.| 36 [=|-3

2
16 -4 -8)|-2 -12 1
OtBer: X=2, y=-3, z=11

3ameuanue 1. Meton Kpamepa U MaTpu4HbI METOJ HNPUMEHHMBI JJII CUCTEM JIFOOOTO
KOHEYHOT'O MOPSIAKA MPH YCIIOBUSAX, YTO KOJIMYECTBO YPABHEHUM JOJKHO COBIAAATh C KO-
JIMYECTBOM HEU3BECTHBIX U OIPEAECIUTEND CUCTEMBI OTJIIMYEH OT HYJIS.

3ameuanue 2. Eciu onpenenuTens CUCTEMBI paBeH HYIIIO, TO CHUCTeMa OO HE UMEET
pernieHuit BoooIe, MO0 UMeeT 0ECKOHEYHOE MHOYKECTBO PEIICHUH.

1.2.3. Metona I'aycca

Kax Op110 oT™MEdeHo BbImie, MeTos, Kpamepa u MaTpUUHBI METOJ UMEIOT OAHH
CYLIECTBEHHBIM HEJOCTATOK: OHU HEITPUMEHHMMBI, €CIIU ONIPEACIIUTENb CUCTEMBI PABEH HY-
t0. B ¢BsI3u ¢ 3TUM, pacCMOTpUM e€l11ie OJIuH, HanboJiee YHUBEPCAIbHBIN METO/I pelIeHUs
CUCTEM JIMHEHHBIX anredpanyeckux ypaBHeHU — Meto] ['aycca.

HyCTB qUCJIIO ypaBHeHI/Iﬁ CUCTCMBI COBIIAda€CT C HUCJIOM HCI/I3BeCTHBIX1.
A X + Xy +o+ X, =by

a21X1 + a22X2 +---+ aZan - b2 (1 2)

A Xy + 8npXy + oo+ 8 X, =D,

Pacmmpennoit matpuuei cuctemsl (1.2) Ha3bpIBaeTCs MaTpUIla CUCTEMBI, JOMOJI-
HEHHasl CTOJIOIOM CBOOOHBIX WICHOB:

1910 TpeboBaHue HeoOA3aTenbHO Ut MeToa ["aycca



g, ap - | b
Ay Ay v Ay by

) ) i L] (1.3)
dpp  App e Ann bn

PacmnpeHHaﬂ MaTpulia CUCTCMbI HA3bIBACTCA BerHeTPGYFOHBHOﬁ, CCJIM B MaTpUIIC
CHCTEMBI BCE DJICMEHTHI HHKE TJIaBHOM AUaroHajJii paBHbI HYJIIO:

&1 ap v an| b
0 ap - ap| b
: . S| (1.4)
0O 0 - a,lb

Pacmmpennas MmaTpuiia CUCTEMbI Ha3bIBAECTCS IMAarOHAJILHOM, €CJIM MaTpuUlla CUCTE-
MBI TIPEACTABIISACT CO00M €AMHUYHYIO:

1 0 - 0|
0 1 - 0|by w5
0 0 - 1|b

K snemeHTapHbIM npeoOpa3oBaHUsIM PACHIMPEHHON MATPHUIIbI CUCTEMbI OTHOCSTCS
npeoOpa3oBaHus TPEX TUIIOB:

1) [lepemena mectaMu JHOOBIX ABYX CTPOK:
CieCy, i#].

2) YMHOXeHue I1000# CTPOKHU Ha J1H000€ YHCIIO0, OTIIMYHOE OT HYJIS
oC;, aeR,a#0.

3) [Ipubasnenue K JH0O0H CTPOKE JIFOOOU APYroii, yMHOKEHHON Ha MPOU3BOJILHOE YHUCIIO:
Ci+0(Cj, i-‘ﬁj, a+#0.

N3BecTHO, YTO 3JIeMEHTapHBIE TPEOOpPa30BaHUsl PACIIUPEHHON MATPHUIBI CUCTEMBI
MPUBOMST K SKBUBAJICHTHOW MaTpHIIE, T.€. CUCTEMa JIMHEWHBIX alreOpandeckux ypaBHE-
HUM, COOTBETCTBYIONIAS MTOTYUYCHHOW MaTPHUIIE, UMEET TE€ KE PEIICHUS, YTO U UCXOTHAS.

Wnes merona [Naycca 3akimrogaeTcss B TOM, YTOOBI C TIOMOIIBIO JIEMEHTAPHBIX Mpe-
00pa3oBaHMii OT PaCHIMPEHHONW MAaTpUIlbl cUcTeMbl Buaa (1.3) mepelTh BHadane K BEpX-
HeTpeyroiabHoi Matpuue (1.4) (mpsimoit xon metona ['aycca), a 3aTeM U K JUaroHaJIbHOM
(1.5) (o6patHsIit X010 MeToAa ["aycca).

Ecnu npu mepexojie K BepXHETPEYTroAbHON MaTpUIlE B MAaTPUIIE CUCTEMBbI HE BO3-
HUKJIO HU OJTHOM HYJIEBOU CTPOKH (3TO COOTBETCTBYET TOMY, UTO OMPEACIUTENIb UCXOTHOMN
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CHUCTEMbI OTJIMYEH OT HYJA), TO CHCTEMa HMMEET €IMHCTBEHHOe peineHue. Ero yerko
HAWTHU, UCXO/IS M3 IMArOHANILHOTO BUIA: X =0y, X, =bg,---, X, =Db].

[IponemMoHCTpUpyeM Ha MpuUMepax TEXHUKY HCIIOIb30BaHUS AJIEMEHTapHBIX MPeoo-
pa30BaHUM.

2X—-y+32z=8
IMpumep 8. Pewums cucmemy ypasnenuii 4 3X+2y+2=5.
X—-3y+52=10
Pewrenue. 3anuiieM pacIIMPEHHYO MAaTPUILy CHCTEMBI:
2 -1 3|8
3 2 1|5
1 3 510

Bribepem B mepBoM cTOIOLIE BEIYILIHM 3JIEMEHT, T.€. DJIEMEHT, C IOMOIBI0 KOTOPO-
ro ynobHo Oyzaer caenaTh HyJH Mo HUM. TakuM 4ucioM sBisieTcs: enununa. [lomensem
MecTaMu TepByIo U TpeThio cTpoku (C; <> C; anemenTapHoe npeoOpa3oBanue 1-ro Bua):

3 510
3 2 1|5
2 -1 3|8

C moMomIbI0 3JIEMEHTapHBIX MpeoOpa3oBaHMil 3-To THIIA JeTaeM HYJM O BEIy-
mum snemenToM (C, —3Cy; C; — 2Cy):

1 3 5|10
0 11 -14|-25].
0 5 -7|-12

Teneps BbIOMpacM BEAYIIUHA AJIEMEHT BO BTOpoM cToiione. Ilockoabky moka emau-
HHUIBI HET, TO €€ KEeJATEIbHO CO37aTh. JJisi 3TOr0 U3 BTOPOM CTPOKH BBIUTEM YIABOCHHYIO
tpethio (C, —2C3):

1 3 510

0(D o0-1

0 5 -71-12
Jenaem Hynb o BexymuM sneMerToM (C3 —5C,):

1 3 5110

01 0-1

0 0 —-7-7

YMHOXXUM TPETHIO CTPOKY Ha (— % ) ((— %) C; — snemeHTapHOE npeoOpa3oBaHue

2-10 TUMA):
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1 3 5]10
0 1 0}-1].
00 1

MBI TOJTyYIHITH MaTPHUILy BEpXHETPEYToJIbHOTO BUAA. [lepexomum k oOpaTHOMY XO1Iy
metojna ["aycca. B kauecTBe BemyIIero 3jieMeHTa BBIOMpPAEM €IUHUILY, CTOSIIYIO B TPETh-
em ctouore. Jlenaem nynmu Hax Heid (C; —5C;,):

1 3 0|5
0 1 01|
0 0 1|1

ITocnequuii mar. C MoOMOIIBIO €MHUIIBI BO BTOPOM CTOJIOLIE 3aHYJISIEM JIEMEHT HaJ
Heit (C; +2C,):

1 0 0|2
0 1 0}-1].
0 0 1|1

[TosmyyeHna Matpuiia AMaroHajabHOro BUA. [IpoBEepKy MOJYyYEHHOTO pEIICHUs Cle-
naiite camocrositenbHo. OTBeT: X=2, y=-1, z=1.1

Ecnu npu mepexojie K BEpXHETPEYTOALHON MaTPHUIIC B MATPHUIIE CUCTEMBI BO3HUKACT
X0Ts1 ObI O/IHA HyJeBasl CTPOKA (3TO O3HAYAET, YTO OMPEACITUTENb UCXOAHON CUCTEMBI pa-
BEH HYJIIO), TO CUCTEMA JIMOO HE UMEET PEILICHUsS BOBCE, JIMOO UMeeT OECUUCIEHHOE MHO-
’KECTBO PELICHHUI.

3X+2y+z=4
IMpumep 9. Pewums cucmemy ypasnenuii s—2X—5Yy +2z2=-1
X—3y+3z=5
Pemienue.
C, +2C,
3 2 14C1<—>C3@ -3 3|5 C,-3C,
-2 -5 2-1 ~ -2 -5 2-1 ~
1 -3 3|5 3 2 1|4

0 11 -8-11 0 0 0-2

Pacriuiem nocieHio CTpoKy MOJy4EeHHONM MaTPULbl B BUJE YPABHEHUS:
0-x+0-y+0.-z=-2

OueBHIHO, YTO 3TO YPABHEHHUE, a 3HAYUT U BCA CHCTEMA, pelieHUu He nMeeT. B
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X—y+2z=1
Ipumep 10. Pewwms cucmemy ypasuenuii < 4X+ 2y —2=2.
SX+y+z=3
Pemenue.

C, —4C,
1 -1 11)¢ _s¢c(l -1 1|1)c,-c,(1 -1 1|1
2 -12| ~ |0 6 -9-2| ~ |0 6 -9-2
5 1 13 0(6 -9-2 00 00

B ormnmuume ot mpeaplayniero npuMepa, mocieaHsas cTpoka HenpotuBopeunsa. OHa
yKa3bIBa€T Ha TO, YTO TPEThE YPaBHEHUE CHUCTEMBI SBIISIETCS CIEACTBUEM IMEPBBIX JIBYX.
Takum oOpa3om, Mbl, GaKTHUECKH, TIOTYUYUITU CUCTEMY U3 JIBYX YpPaBHEHUH C TpeMs HEU3-
BeCTHbIMU. Takasi cucrema UMeeT OECUMCIEHHOE MHOXKECTBO perieHui. [[is Toro, 4ToOsn
UX HaAlTH, OJIHY U3 MEPEMEHHbIX (€€ Ha3bIBAIOT CBOOOJHOMN) MEPEHOCAT B MPaBYIO YacTh
PaCHIMPEHHON MaTpPHUIIbl, & OCTAJbHBIE MTePEMEHHBIC (MX HA3bIBAIOT 0A3MCHBIMU WJIH CBS3-
HBIMH ) BBIpaXXaloT yepe3 3Ty cBo0oAHY10. IMeem

1
C..= 2 1
(1 —11—2x3) L R et N F RN
0 6|-2+9, 0 1 —§+§x3 0 1—1+§x3
3 2
Takum oOpasom, X —E—EX X ——1+§X Xq = X
P > N 3 2 30 A2 379 3 A3 3

Ot0 ob1ee penieHre cuctemsl. [lpucBanBas cBOOOJHON MEPEMEHHON X3 KOHKpET-
HbIE€ 3HAYEHMS1, MOYKHO MOJy4aTh YaCTHBIE PELICHUS, HAIIPUMED,

(2. 1 j ( 1.8, j
_1__10 ’ PN RN N T.O.
3 3 33

OtBer: g—EX'—1+§X'X [}
\3 27 3 2 )

OtMeTnM em€ 0JHO TOCTOMHCTBO Metoja ['aycca. [[ns cuctem TMHEWHBIX ypaBHE-
HUM 4-ro mopsinka u Bbie MeTof ['aycca okaswiBaeTcs addexktuBHee MeTona Kpamepa u
MaTPUYHOTO METO/a U MPUBOIUT K PEIICHUIO TOpa3ao ObICTpee.

Ipumep 11. Pewuums cucmemy ypagnenuii

2% +3X, +4X, + X, =7
X, —2X, +2X; +3X, =6
3%, +5X, — X, +4x, =-1

15X, +4X, +2X; — X, =2

Pemenue.



C, - 2C,
2 3 4 1|7)\C,eC(1) -2 2 3]6)\C3C
1 -2 2 386 2 3 4 17 |Ci—5C
3 5 -1 4 -1 3 5 -1 4|-1
5 4 2 —1-2 5 4 2 —1-2
1 -2 2 316 )\C,-Cs(1 -2 2 3|6 \C2-2C
0 7 0 -5|-5 0 7 0 -5|-5
0 11 -7 -5|-19 0 11 -7 -5|-19
0 14 -8 -16/-32 0 3 -1 -11/-13
1 -2 2 3|6 \C3—-11Cy(1 -2 2 3 | 6 \Cs- (D
0 (D 2 17]21 (G20 1 2 17 |21 [Car (D)
0 11 -7 -5/-19 0 0 —29 —192|-250
0 3 -1 -11|-13 0 0 -7 -62|-76
1 -2 2 3|6\%-4C41 _2 2 3|6 \Ca—7Cs
0 1 2 17|21 0 1 2 17|21
0 0 29 192|250 0 o (1) -56/-54
0 0 7 62|76 0 0 7 6276
C, -3C,
1 -2 2 3|6 C4'%541 —2 2 316 \2-1Cyr1 _o 2 0]3)C1—2Cs
0 1 2 17|21 0 1 2 17 |21 |C3+96Csl0 1 2 0la|C2—2Cs
0 0 1 -56|-54 0 0 1 -56-54 o o (Dop
0 0 O 454|454 000@1 0 0 0 101
1 -2 0 0-1\¢1+2C2(1 0 0 0]-1
0 @ 0 0|0 |0 1 0 o]0
0O 0 1 0/2 001 ol2]
0 0 0 1|1 000 1|1
[IpoBepky caemanTe CaMOCTOSITENBHO.
OTBCT: Xl = —1, X2 :O, X3 = 2, X4 :1-
1.3. Panr Mmarpuubl
Paccmotpum matpuiry A pazmepa MxN. BeluepkUBaHUEM KaKUX—JIMOO CTPOK HIIH
CTOJIOIIOB MOJKHO BBIWICHHTH KBaJpaTHbIC MOAMATPHIBI K-ro mopsjaka, T/e
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k <min(m;n).Onpenenureny Takux MOIMATPHUI] HA3BIBAIOTCS MHHOpaMU K -ro mopsiaka
Matpuubl A.
Panrom matpuitel A Ha3bIBaeTCS MOPSIOK OTIMYHBIX OT HYJISI MUHOPOB 3TOW MaTt-

PUILIBL
OO003Ha4arT paHr MaTpuilel 00br9HO rang A wu r(A).

CpoiicTBa panra MaTpuubl

1) Panr wmatpuusr A HE TPEBOCXOJHMT MCHBIIECTO U3 €€ pasMepoB, T.C.
rang A<min(m;n).
2) rang A=0 Toraa u TOJBKO TOT/Ia, Korjaa A— HyJieBas MaTpPHIIA.
3) Eciiu  A— kBagparHas MaTpuiia N-ro mopsjaka, To rang A=n Torua u TOJIbKO TO-
rzia, Korja MaTpuia A HEBBIPOXKICHHAS.

Haxox1eHne paHra MaTpuIlbl, UCIIOIb3Ysl HEMIOCPEICTBEHHO ONPE/CIICHHE, JTOBOJIBHO
T'POMO3JIKO U TPYIOEMKO.

Teopema 4. Pane mampuybsl He usmeHsemcs npu ee 3j1eMeHmMapHbiX npeoopazo8aHusx.

C nomol1Ipo 3JIEMEHTAPHBIX NPEeoO0pa3oBaHUN MOMXKHO MPUBECTH MATPUILY K BEpX-
HETPEYTrOJbHOMY BH]Y:

all a12 Y a.lr Y aln
0 a a a
A= 22 2r 2n |
0 O0... apr... am
rae a; #0, 1=12,...,r; r<n. PaHr BepXHETPEYIroJbHOH MaTPUIIbI PaBEH I .
1 2 -1 4
Ipumep 12. Havimu pane mampuyer A={3 S 2 1
4 7 1 5

Pemienne. Mcnonp3ysi TEXHUKY dJIEMEHTapHBIX MpeoOpa3zoBaHuil (kak B metone ['aycca),
MOJIyYMM BEPXHETPEYTOJIBHYIO MATPHUILY:

C, - 3C, o e
37 V2

2 -1 4. _4c, (1 2 -1 4 1 2 -1 4
3521310@511 0 -1 5 —u|-|t 2t

0 -1 5 -11
47 15 0 -1 5 -11 00 0 0

Takum obOpazom, rang A=2.m
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[TonsiTME paHra MaTpUIbl TECHO CBSI3aHO C MOHSATUEM JIMHEWHOW 3aBUCUMOCTH (He-
3aBUCUMOCTH) €€ CTPOK (CTOJIOIIOB).
Crtpoka (cTonmber]) Ha3bIBAIOTCS JIWHEWHO 3aBHCHUMBIMH, €CIIM XOTS Obl OJHA W3
CTPOK (CTOJIOIIOB) JIMHEMHO BBIPAXKAETCs Yepe3 OCTajabHble. B MPOTUBHOM cilydae, CTPOKHU
(cTonO1IB1) HA3BIBAIOTCS IMHEWHO HE3aBUCUMBIMH (MTOApOOHee unTante B 1. 1.5.1).

Teopema 5. Pane mampuysl pagen MAKCUMATLHOMY YUCTY ee JTUHEUHO He3a8UCUMBIX
CMPpOK (cmoabyos).

1.4. CoOcTBeHHBIE BEKTOPBI U COOCTBEHHbIC 3HAYCHUS MATPHIbI

Bektop X # 0 Ha3biBaeTcsi COOCTBEHHBIM BEKTOPOM MAaTpHIlbl A, €CIu HalIeTcs Ta-
KOC YUCIIO A, 9TO

AX = AX 2)

Yucno A Ha3pIBaeTCs COOCTBEHHBIM 3HaYE€HUEM MATPHULbI A, COOTBETCTBYIOIINM BEK-
TOpPY X.

PaBencTBO (2) MOXKHO 3amucaTh B pa3BepHYTOM BHJIC:
8.21X1 + a22X2 +---+ aznxn - ﬂXz

anlxl + an2X2 + e+ anan :/Ixn

OTKya noay4nm
(all - /I)Xl + a12X2 + -+ alan - 0
321X1 + (3.22 - /I)XZ +---+ aZan == O

HJIM B MATPUYIHOM BHUIC

(A-AE)x=0.

[TomyyeHHast cucTemMa BCer/ia MMEET HyJIeBoe perieHue. J[Jis cynecTBOBaHMs HEHYJIe-
BOT'0 pelIeHHUs] HEOOXOAMMO M JIOCTaTOYHO, YTOOBI ONPEASIUTEIh CUCTEMBl 00paIajics B
HYJIb:
ay; —A a2 e An

Ao, Ao, — A --- Aon

A(A—AE)= =0 3)
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Onpenenuresnsb A(A—/”LE) SIBJIIAETCA MHOIOWIEHOM N-oi creneHu. OH Ha3bIBaeTCs

XapaKTEPUCTHYECKUM MHOTOWICHOM MaTpulpl A, a ypaBHeHUE (3)— XapaKTepUCTUYECKUM
YPaBHEHHMEM MaTpuibl A.

Teopema 6. Kopnu xapaxmepucmuueckoeo ypasHeHusi mampuywvl A (eciu ouu cyuje-
CMBYIOm) U MOAbKO OHU AGNISAIOMCA COOCMBEEHHBIMU 3HAYEHUAMU SMOL MAMPULDL.

Ipumep 13. Hatimu cobcmeenuvie 3Hauenusi u coOCmeeHHble 8eKMopbl Mampuybl.

S

Pemenne. CocTtaBum XApPaAKTCPUCTHICCKOC YPABHCHHUC

) 4 2
A(A-JE)= =0 wm A°+1-2=0,
-1 -3-2
OTKyJla COOCTBEHHBIC 3HAUCHUS MAaTpUIlbl A /11 =-2, A, =1.

Haxonum coOCTBEHHBIN BEKTOP X;, COOTBETCTBYIOLIMI COOCTBEHHOMY 3HAuCHUIO
A =—2. JIndg 3T0r0 periaeM MaTpuuHOE ypaBHEHHE:

el S

oTKyma — X —X, =0, T.e. X{=—X,. IlomoxuB X, =C, MBI MOJy4uM, HYTO BEKTOP
% =(~C;C) mpu mob6om C#0 sBIfeTcs coOCTBEHHBIM BEKTOPOM MATPUIBI A ¢ cob-
CTBEHHBIM peIlleHueM A; =—2. AHAJOTUYHO, MOJIYYUM, UYTO BEKTOp X, =(— 4C;C) npu

.THO6OM C * 0 ABIISICTCA CO6CTBCHHBIM BCKTOpOM ManI/H_[BI A C CO6CTB€HHBIM pCH_ICHI/IeM
12 == 1..

Ipumep 14. Hatimu cobcmeennvie 3Hauenus u coOCmMeeHHble 8eKMOpbl MAMPUYbL:

1 -4 -8
A=l-4 7 -4
-8 -4 1

Pemenue. Ilocne nmpeoOpazoBanuii (mpojienaiTe 3T0 CaMOCTOSTENBHO) XapaKTepUCTUYE-
CKO€ ypaBHEHHE MPUMET BUI:

23 -97% —814+729=0.
HNmeem naee
A2(1-9)-81(21-9)=0 = (1-9)12-81)=0,
orkyma 4, =9, 4, =-9.
Haiinem cooTBeTcTBYIOIIMI BEKTOP X;, COOTBETCTBYIOIINN COOCTBEHHOMY 3HAYCHHIO

4 =9:

-8 -4 -8 X, 0

-4 -2 —-4|x%x,|=|0

-8 -4 -8)\x3 0
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Pemras IIOJIy4YECHHYO CUCTEMY METOJIOM l'aycca, [OJIyYUM

- 1
X1 :(—ECl - C,;C;,C, |, tne C; m C, mpou3BOJIbHBIE YUCIIA HE PaBHBIE HYJIIO OJIHO-
BPEMEHHO.

o 1
AHaAJIOTUYHO HAXOAMM, YTO X, :(C3;§C3;C3j npu J1r000M C3 #0 ecTp coOCTBEH-

HBI BEKTOP MAaTpHUIbl A ¢ COOCTBEHHBIM 3HaUeHUEM A, =—9.

1.5. Ipocrpancrea R".

O603Ha4nM yepe3 R" MHOXkeECTBO yHOPAIOYEHHBIX HAG0POB MO N AEHCTBUTEIBHBIX
gyrcen: a =(8,a,,...,8,), Ne N. Camu Takue HaOOPHI HA3BIBAIOTCS N - MEPHBIMU BEKTO-

pamMH.

PaccMOTpEM N -MepHbIe BEKTOpHl a = (8;,4,,...,a,) 1 b =(b,b,,...,b,). JIa Bek-
Topa @ W D Ha3bIBAIOTCS PABHBIMH, €CTH PABHBI HX COOTBETCTBYIOIIWE KOOPIHHATH:
a;=b;, 1=12,...,n

BaenieM Ha MHOkecTBe R" nuHeiinble oneparym.

CyMMOﬁ ABYX BEKTOpPOB a u b nasoiBaercs BCKTOP, KOOPANHATEI KOTOPOI'O PpaBHBI
CyYMMaM COOTBCTCTBYIOIIHNX KOOpAXUHAT BCKTOPOB aub:

a+b=(a, +b;,a, +b,,...,a, +b,).

IIpousBeneHHeM BeKTOpa & HA JCHCTBHUTEIbHOE YHCJIO A HA3bIBAETCS BEKTOP,
KOOpPAMHATHI KOTOPOTO PaBHBI IIPOM3BENEHUIO YUCIa A HAa COOTBETCTBYIOIIHME KOOPAHHA-
TBI BEKTOpA a -

Aa =(Aay, Aay,...,Aa,).

JIuHeliHble onepalny Hal BEKTOPAMHU YAOBJIETBOPSIOT CBOMCTBAM:

1. a+b=b+a 5. 1-a=a

2. a+b+c)=(a+b)+c 6. A-(u-a)=(1-p)-a

3. a+0=a 7. 2-(a+b)=2a+b

4. a+(-a)=0 8. (A+u)-a=A-a+u-a

rane A, 4 - TPOU3BOJIbHBIE NIEUCTBUTENIbHBIE YHUCIIA, 0:(0,0,...,0) - HYJICBOU BEKTOD,
(-a)=(-a;,—a,,...,—a,) — BEeKTOp, IPOTUBONOJIOKHBIN K BEKTOPY a .

Muoxectso R", ¢ BBeJIEHHBIMH Ha HEM JIMHEHHBIMH ONEPAlUAMHU, HA3bIBACTCS
npocrpancreom R".



21

Ecnu nunenHble onepanuy yAOBIETBOPSIOT YKA3aHHBIM BBIIIE BOCBMU CBOWCTBAM,
TO COOTBETCTBYIOLIEE MPOCTPAHCTBO HA3BIBACTCS JIMHEMHBIM WJIA BEKTOPHBIM ITPOCTPAH-

ctBoM. Takum 06pasom, mpocTpaHcTBO R" AB/IsIeTCS BEKTOPHBIM NPOCTPAHCTBOM.

3aMeTuM, 4TO 3JIEMEHTAMU HEKOTOPBIX MPOCTPAHCTB MOTYT OBITh HE TOJBKO BEKTO-
pBI, HO U pa3linyHbIe Apyrue o0bekThl. Tak, HapuMep, TMHEHHBIM TPOCTPAHCTBOM SIBJISI-
€TCsl MHOKECTBO BCEX KBAJPATHBIX MATPHUI] OJJMHAKOBOrO pazMepa (0O0bsICHUTE movyemy!).
HecnoxHo nokasarb, 4YTO JUHEHHBIM OyAET MPOCTPAHCTBO BCEX areOpanyecKuX MHOTO-
YJICHOB CTENEHM, HE MPEBBIIIAIONIEH HATypajJbHOTO 4YHCia N (MpOBEpPhTE BHIMOJIHEHUE
cBoicTB 1-8). B TOXe Bpemsi, MHO)XECTBO BCEX MHOTOUJICHOB (DMKCUPOBAHHOW CTEIIEHU HE
SIBJIIETCS] JIMHEWUHBIM MPOCTPAHCTBOM, T.K. CYMMa JIByX TaKMX MHOTOUYJICHOB MOKET OKa-
3aThCsl MHOTOYJIEHOM O0Jiee HU3KOM CTENEHHU.

1.5.1. JIuHeliHas 3aBUCHMMOCTD H JIMHellHAsI HE3aBUCHMOCTDL CHCTEMbI BEKTOpPOB

BekTtop a Ha3pIBaeTcs JAMHEHHOW KOMOWHAIMEHd BEKTOPOB ai,d,,...,dy, €CIH

HaWJyTCs JEUCTBUTEIbHBIE YUCHA O/, p,...,Q TaKUE, 4TO:
a=o - +ta,-a, +...toa.

Cucrema BCKTOPOB HA3bIBACTCA JIMHECHHO BaBHCHMOﬁ, €CJIM XOTS OBl OJHH N3 BCK-
TOPOB CUCTCMBI SABJIICTCA JIMHEHHOU KOM6I/IHaI_[I/Ieﬁ OCTAaJIbHBIX.

Ecan umn OJIMH U3 BCKTOPOB CUCTCMBbI HC IPCACTABIISICTCSA KakK JIMHEHHAsT KOMOMHa-
oy Apyrux, To0 CUCTEMa Ha3bIBACTCA JIMHEHHO HE3aBHUCHUMOM.

o 2
JluneiiHas 3aBHCMMOCTH BEKTOpoB B R o3Hawaer mx komimHeapHOCTh (mapai-
JeNbHOCTD). JIF00as mapa HEeKOJUTMHEAPHBIX BEKTOPOB ABJISIETCS IMHEHHO HE3aBUCUMOI.

o 3
JluneiiHas 3aBHCMMOCTB TPEX BEKTOPOB B R° 03HayaeT MX KOMIUIaHAPHOCTH (IIpHU-
HaJJICKHOCTD OJTHOU TIJIOCKOCTH).

. . n
Teopema 7. Cucmema eexkmopos ial, a2, e, an } — nunelino Hezasucumvie 8 R mo-

204 U MoOJIbKO mo20a, K020d ypasHeHue:

X & + X8y +...+ X, &, =0
UMeem MOJbKO MPUBUATbHOE peuleHue, m.e. Xy =X, =---=X, =0. Cucmema nuneiino 3a-
BUCUMA MO20d U MOAbKO M020d, K020d OAHHOe YPABGHEHUE UMeem He MPUSUAIbHOe peule-
Hue, m.e. X12 +X§ +---+X§ #0.

Teopema 8. (Kpumepuii nunetinoii 3asucumocmu (He3a8UCUMOCMU) CUCTNEMBL U3 O8VX
8EKMOPO8).

Jlea éexmopa @ u b nunetino 3asucumvl (nunelino nesasucumvl) mo2oa u MoaLKO mo-
20a, Ko20a 8ce Ux COOmMEemcmayruue KoopouHamsl NPONOPYUOHAILHLL (HENPONOPYUO-
HAIbHDL).
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IIpumep 15. Buisicnums, A61410mMcs Ay TUHEUHO 3A6UCUMBIMU 8EKMOPbL & :(1,4,—2,3) u
b =(28-46).
Pewenne. Onpenenum, NpornopuruoOHaIbHbI JIM KOOPAUHATHI BEKTOPOB:

1 4 -2

—=—=——=— — BEepHO.

2 8 -4 6
CrnenoBareibHO, BEKTOphI @ U b nuHelHo 3aBucuMbl. B

Teopema 9. (Kpumepuii nunetinoi 3a8ucumocmu (He3agucumocmu) cucmemol U3 N Gek-

n
mopoe 6 npocmparncmee R).

Cucmemul 8ekmopos iﬁl, 52 ..., a }— JIUHEHO 3A8UCUMA (TUHEUHO HEe3A8UCUMA) 8

n

RN moeda u moavko mozoa, xozda onpedenumens, cocmasnennwiii u3 KOOPOUHAM SMUX
8EKMOpPO8, paseH HyIt0 (Omauder om Hyis).
Ipumep 16. Onpedenums, a6ra10mces 1u IUHEUHO 3ABUCUMBIMU BEKMOPA

a=(3-21), b =(4,1-3) u c=(2-3-1)?

Pemenne. CocTaBUM U BBIYUCIIUM OIIPCACINUTCIIb U3 KOOPAUHAT BCKTOPOB:

3 -2 1
A=4 1 -3=3-1-9)+2(-4+6)+1(-12-2)=-40
2 -3 -1

T.x. A#0, To BekTopel @, b u C - auHeiHO He3aBrcUMbI. W

Teopema 10. JTo6bie N +1 eexkmopoe nunetino 3asucumvl 6 npocmparcmse R".

3ameuanue. Ocraercs pacCMOTPETh CUTYAIHMIO, KOTla KOJIMYECTBO BEKTOPOB B CHCTE-

Me OoJiblIe ABYX, HO MEHbLIE N (HampuMmep, TPU BEKTOpa B MPOCTPAHCTBE R4). Wrak, BbI-
SCHUM JINHEWHYIO 3aBUCUMOCTb (HE3aBUCUMOCTb) CUCTEMBI El, 52 yeeos én } B IPOCTpaH-

cree R", rne 2<k<n. PaccmoTpum mMatpuily A, COCTaBIEHHYIO M3 KOOPJAWMHAT 3THUX
BEKTOPOB, M BhIUUCIHM e¢ paHT. C y4eToM TeopeMsl 5, femaeM BeIBOI: eciau rang A=K,

TO CHCTEeMa JIMHEHHO He3aBUCcHMa, a eciii rang A<k, To cucrema iél, 32 oo En } - JIU-

HEMHO 3aBUCHUMA.
1.5.2. Basucel B npocTpancTBax R".

Cucrema BEKTOPOB {él, €, hen én} Ha3bIBACTCS 0a3MCOM MpocTpaHcTBa R, eciu

J000M BEKTOp a € R" moxeT GBITH €JMHCTBEHHBIM 00pa30M MpEJCTABIICH B BUE JTUHEH-
HOM KOMOHMHAIIMU BEKTOPOB 3TON CUCTEMBI:
a = Ollél +0(2§2 +"'+an§n.
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Yucna a4, ay,...,a, Ha3pIBalOT KO3(ppULneHTaMu pa3iokKeHuss BEKTopa a no Oasucy

{el,ez,...,en}.

B npoctpaHctBe R? mpuMepoM Gasuca MOXKET CIY)KHTh CHCTEMA CIMHIYHBIX Op-

TOB: {i_, ]} JlanHbIil 6azuc NMPUHATO HA3BIBATH ecmecmeeHHvIM, T.K. Kod(pduiueHTaMu

pasNOKEeH s MOBOro BeKTopa @ 10 6asucy {i, | ABIAIOTCS KOOPAMHATHI TOrO BEKTOPA.
Hanpumep, a =(2,5)=2i +5].

B npoctpanctse R® ecrecTBeHHbIIT Gasuc o0Opa3yeT cuctemMa BEeKTOPOB {i_, j, Kk }

4 .
Teopema 11. Eciu cucmema eexmopos obpasyiom 6aszuc 6 R”, mo ona nuneuno nezasu-
cuma.

Teopema 12. /liobvie Naunetino nezasucumvix exmopos npocmpancmea R" obpazyiom 6
HeMm ba3uc.

Ipumep 17. (Obpaszey pewenus 3ad0auu 3 u3z KOHMpOAbHOU pabomul). [anvl éexmopwl
a=(2-12), b =(-31-1), ¢ =(1,-2,-3). Onpedenums obpazyiom nu eexmopvr a, b u

C 6aszuc 6 npocmpancmee R u eciu oa, mo pasinoxcums gekmop o =(l7,—15,—7) no
amomy 6azucy.

Pemienne. CocTaBuM onpeeanTesb U3 BEKTopoB a, b u C:

2 -1 2
A=-3 1 -1=10
1 -2 -3

T.x. A#0, To cucrema {5 b,C } - IMHEWHO HEe3aBHUCHUMA U 10 Teopeme 12 obOpasyer

0a3uc B IPOCTPaHCTBE R3. 3uaunr, BekTop d MOXKeT OBITh CIUHCTBEHHBIM O00pa3oM
NPEJICTaBJICH B BUJIE:

d=x-a+y-b+z-C
C MOKa He3aBUCUMBIMU Kod(dduunentamu X, Y, Z. [lepexons oT paBeHCTBa BEKTOPOB K pa-
BEHCTBY MX COOTBETCTBYIOIINX KOOPAWHAT MPUXOIUM K CHCTEME JIMHEWHBIX ypaBHEHUH:

17 2 -3 1
=15|=x-1|+y| 1 |+2-2],
-7 2 -1 -3
OTKyJa:
2X -3y +z=17
—-X+Yy—-2z=-15.
2X—-y—-3z=—7

Pemas 3Ty cucremy, Hanpumep, MerogoM Kpamepa (caemnaiite 3T0 caMOCTOSTEIBHO),
nonyunM: X=3, y=-2, z=5.1
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1.5.3. CxansipHoe npousBenenne Bekropos. Hopma BexkTopa

CxanapHuim npouséedenuem Bextopa a = (a,,a,,...,a,) Ha Bektop b = (0,,b,,...,b,)
Ha3bIBACTCS YUCIIO
g'b :al'b1+a2 'b2 +...+an 'bn.

CBoiicTBa CKAJAPHOI'0 INIPOU3BECIACHUS

Jlns mo0bIX @, b, ¢ eR" u qus mo6oro uncoa A CIIPaBEJIUBO:

a-b=b-a;
a

AW NP
o

o
O X
ol
N—
I

Q|
O
+

D o)

Hopmoii Bektopa @ € R" nasbiBaeTcss apudMeTHyeckuii KOpeHb M3 CKalApHOIO
MIPOU3BEICHUS BEKTOpa a Ha ceos:

[a|=va-a=.a?+al+..+a>.

C FGOMGTpH‘ICCKOﬁ TOYKH 3PCHUS, HOpMaA BCKTOPA — 3TO Cro IJIMHA.

CaolicTBa HOPMBI
Jiis mr00b1x &, b u mst moboro unciaa A crpaBeUIHBO:

: Ha” > 0, mpuuem HEH =0<a=0;
- 12l = 1A [all:

: ‘é . 5‘ < HéHHBH - HepaBeHCTBO Komu-byHskoBCKkOTO;

S GO N ST

: Hﬁ +b H = Hé” + Hb H - HEPaBEHCTBO TPEYTOJIbHUKA,;

YrioM Mexay BekTopamu @ u b Haseaetcs umcno @< (0,7, onpenensemoe pa-
BEHCTBOM:

cosp = a-b
Ja-[o]
Otkygna ciaenyer , uTo:
a-b=al-|o]-cose,

T.€. CKaJIIPHOE IPOM3BENECHUE ABYX BEKTOPOB PABHO MPOU3BEAECHUIO JJIMH ITHX BEKTOPOB
Ha KOCHHYC yIja MEXKIYy HUMH. B 3TOM COCTOMT I€OMETPUYECKUN CMBICI CKaISPHOIO
IPOM3BEICHHS.
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Bekropsl @ 1 b Ha3bIBAIOTCS OPTOTOHAIBLHBIMU (TIEPIICHINKYIISIPHBIMHI), €CITH YTOJ

T
MEXy HUMU (@ = R 3HauuT,

O

alb<a-b=0.

Ipumep 18. /lpu kakom 3Hawenuu X 6ekmopvt a = (2,3, X) ub= (X,—1,5) OpPMO2OHANbHBL?
Peuienue.

O

alb<a-b=0,

T.C.

2x—3+5x=0:>7x:3:>x:$.

Oteer: alb nmpu x==.1

~N|w

1.5.4. BekTopHOe nIpon3Be/ieHNEe BEKTOPOB

BekTopHBIM TIpOM3BEICHUEM BEKTOpa & HA BEKTOp D HaspIBaeTcs BEKTOp C, yJO-
BJIETBOPSIIOLIUI TpeM yCIoBHsIM (puc. 1):

1) cla,clb;

2) niuvHA BEeKTOpa C YHCIICHHO paBHA ILIOMIAIH TapajuiejorpaMMa, IOCTPOSHHOTO
Ha BEKTOpax a " 5;

3) BeKTOpHI A, b u ¢ 00pa3yroT MpaByl TPOUKY, T.€. €CIM CMOTPETh M3 KOHIIA
BEKTOpa C, TO KpaTYaWIlIMKi MOBOPOT OT BEKTOpPA a K BEKTOPY b nmomken IIPOUCXOAUTH
IIPOTUB YaCOBOMW CTPEJIKU.

ol

o

Puc. 1
a

CBoilicTBa BEKTOPHOI0 MPOW3BeIeHUsI

Jlist 1r00BIX BEKTOPOB 11 JIIOOBIX @, b, C u myst moboro uncia A crpaBeuInBo:
xb=-bxa;
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3. 5><(5+C) xb +a x
4, §HB<:>§><5=O;

5. Tabnnia yMHOKEHHS OPTOB:

ixj=Kk, jxk =1, kxi=j,
jxi =Kk, Kxj=-i, ixk =],
i xi =0, jxj=0, kxk =0
6. Ecn a‘=(a1,a2,a3) b= (bl,bz,b ), T0
i ] k
axb=la, a, a,
b, b, by

BekTopHOE npon3BeIeHUE YACTO UCTIONB3YIOT JUIsl HAXOKICHHS TUIOIIAIEH.
Ipumep 19. Haumu niowaoo mpey2onvHuKa ¢ 6epuluHaMU A(5,—1,2), B(3,—4,—2),
C(-235).

Pemienne. Halinem koopanHaThl BEKTOPOB AB u AC (HAaOMHHM, YTO JIJISl 3TOTO HYKHO
U3 KOOPJMHAT KOHIIA BEKTOPA BBIYECTh KOOPAMHATHI HAYasa):

Y4auThIBas, 4TO HOpMa BEKTOPHOTO Tpou3BeneHus: BektopoB AB u AC umcneHHo
paBHa IUIOIIAAW MapajiesiorpaMMa, IOCTPOEHHOIO Ha 3THUX BeKTopax (puc. 2), aus
HAXO0XJICHUS IUIOIAAN TPEyTroJbHMKA JOCTaTOYHO OyAeT IUIoIajp INapajuiesorpamma
pa3lenuTh Ha JIBa.

|AB AC|
SAABC:T
]k
|[ABxAC|=|-2 -3 -4=7i+34j-29k =(7,34,-29)
-7 4 3

[ABx AC|= /7% +342 + (- 29) = /2046
J2046
s

Takum obpazom, S, =

1.5.5. CmemaHHoe npou3Be/ieHNEe BEKTOPOB
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CMeIIaHHBIM TIPOU3BEIeHNEM BEKTOPOB d, b u C (B yKa3aHHOM MOpSA/IKE) HA3bIBAET-
Csl CKAJIIPHOE MPOM3BEACHHE BEKTOPHOIO MPOMU3BENICHUS MEPBBIX JIByX BEKTOPOB Ha Tpe-
THI:
abc =(axb)-c.

CBoiicTBa CMEIIAHHOTO MPOU3BeIeHNs] BEKTOPOB

Jliis mr00BIX BEKTOpOB A, b u C crpaBeauBo:
1) Ilpu mepecTaHOBKE MECTaMH JBYX MHOXHTEJICH CMEIIaHHOE IMPOU3BEIACHHE MEHSET
3HAaK:

bac =-abc, ach =-abc, cba=-abc

2) Tlpu NUKIMYECKOW MepeCTaHOBKE MHOYKHUTEIICH CMENIaHHOE MTPOU3BEACHNE HE MEHSICT-
csl:

a4 a, ag
abc=|b, b, b,
¢, C GC3

4) abc=0<«<a, b u C xommianapHsl, T.¢. ISKAT B OJJHOH IJIOCKOCTH.

5) AOcomoTHas BeJIMYMHA CMELIAHHOTO MPOM3BEACHUS BEKTOPOB paBHA 00beMy mHapal-
JeNenuneaa, IOCTPOSHHOTO Ha ATUX BEKTOpax

Vnapaﬂ. = ‘ abc ‘

OO0beM nupaMuIbl, MOCTPOCHHBIN Ha TEX ke BEKTOpax B 6 pa3 MEHbLIE:

1)

Takum oOpa3oM, CKaJIIpHOE MPOU3BEIECHUE HCTIONB3YIOT IJI1 HAXOXKICHUS JJIUMH U

YIJIOB, BEKTOPHOE MPOMU3BEACHUE — Ui BBIYMCIEHUS IUIOLIAJIEH, a CMEIIaHHOE — s
HaXO0XXIEeHUSI 00HEMOB.

Ipumep 20. Obpaszey svinonnenus zadavu 4 D us
KOHMpOIbHOU pabomul). [lanvl eepuiuHbl nu- pamu-
oo:  A(-41-3), B(2-51), C(343) u
D(5,2,-4).

Haumu:
a) [nuny pedopa BD; A B
b) Yeon meacoy peopamu AB u AC
C) Ilrowaow epanu BCD

C

Puc. 3
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d) Ob6wvem nupamuov

Pernienue.

a) Haiinem BekTop BD, a 3ateM ero HOPMY.
90  w Oyner JUTHHA pebpa
BD.BD =(3,7,-5),

H@H = \/32 +7%+(-5)° =-/83

b) Yron mexay pebpamu AB i AC GyleM HAXOLHUTb KaK yrol MEKLy BekTopamu AB u
AC (puc. 3), ucnonb3ys GopMyiy:
AB-AC
B HABMACH
AB = (6;-6;4), AC =(7;3;6),
6-7-6-3+4-6 48 48 12
J36+36+16/49+9+36 +88194 44517 517

12
CnenoBaTenbHO, @ = arccos——.

COS @ =

COSp =

|BCxBD|
¢) S,pep = ———, BC=(19,2), BD=(3,7,-5)
i ] Kk
BCxBD=[1 9 2|=-59 +11j- 20k =(-59,11,-20)
37 -5

[BC  BD| = (- 59)° +112 + (- 20)% = /4002, S 50 = L2 4202 |

d) Bo3sMmeM Tpu BEKTOpa, Ha KOTOPBIX IMOCTPOCHA MHUPAMKJIA, HAIIPHMED, AB = (6,—6,4),

AC =(7,3,6) u AD =(9,1,—1), u HailzieM UX CMEIIaHHOE IPOU3BE/ICHHE:

6 -6 4
ABAC AD = 3  6|=-500.
9 1 -
1 250

3nat, Vinypan, = AB AC AD| = —\ 500] =
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KOHTPOJIBHAS PABOTA Nel
3aodaua 1. Pewumv cucmemy nuneunwvlx ypasuenui memooom Kpamepa

ax+2y+z=4
3x—ay+4z=Db+1
—-X+5y+z=a-b

3adaua 2. Ilposepumo cnpageonusocmo pasencms A(AB) = A(BA) = A(A)-A(B), e0e

2 b 1 -a 3 0
A=-1 4 a|,B=4 1 2]
5 1 3 2 -10b

3aoaua 3. Jlanwi eexmopol: a= 13;a), b= (2;b;-1), C= (=3;a;b). Onpeoenumes,

o6paszyiom u eekmopul a,0b,¢ Gaszuc 6 npocmpancmese R®. Eciu da, mo paznosxcums sex-

mop d = (5:0;4) no smomy 6asucy.

3a0aua 4. Janvr sepuwunvi nupamuosr ABCD: A(2;a—-10), B(3Lb-4),
C(-15b—-a), D(a;2;3). Hatimu:

a) onuny peopa BD;

b) yeon mearcoy peopamu AB u AC;

C) nrowaow epanu BCD;
d) o6vem nupamuoei.

Hosichenue Yucia a u b ewibuparomes cmyoenmom no e2o 3auemHou KHUJICKe
(unu cmyoenueckomy ounemy):
a — 9mo nocneouss yugpa 6 “zauemxe”,
b — omo npeonocneonsis yugpa 6 “3auemxe’”.

Kenaem Bam ycnexos!



30
Jlns 3anucei



